Abstract In this note, we present a simple geometric argument to determine a lower bound on the split rank of intersection cuts. As a first step of this argument, a polyhedral subset of the lattice-free convex set that is used to generate the intersection cut is constructed. We call this subset the restricted lattice-free set. It is then shown that log 2 (l) is a lower bound on the split rank of the intersection cut, where l is the number of integer points lying on the boundary of the restricted lattice-free set satisfying the condition that no two points lie on the same facet of the restricted lattice-free set. The use of this result is illustrated by obtaining a lower bound of log 2 (n + 1) on the split rank of n-row mixing inequalities.
Rounding inequalities (Nemhauser and Wolsey [30] ) form one of the most successful classes of cutting planes used to solve general mixed integer programs; see for example Balas et al. [7] and Bixby and Rothberg [11] . It is therefore natural to compare other classes of valid cutting planes with split cuts. One possible method of comparison is to ask if a recursive application of split cuts will generate the target class of inequalities. This question is related to the question of determining the split rank of the target class of inequalities.
While the exact split rank for a general class of inequalities may be difficult to obtain, bounds on the split rank are more easily obtainable. A finite upper bound on the split rank indicates that the inequality under study can be obtained by recursively applying split cuts. On the other hand, a lower bound on the split rank indicates how difficult it is to obtain an inequality using split cuts. Therefore, if the lower bound on the split rank of an inequality is high, it may be better to apply this inequality directly to the linear programming (LP) relaxation of the problem instead of generating it using a sequence of split cuts.
In this note, we study the split rank of valid inequalities for the following class of problems,
where r i ∈ Q m and f ∈ Q m \ Z m . Recently there have been a number of studies on the facet-defining inequalities of (1). Andersen et al. [2] and Cornuéjols and Margot [16] characterize the facet-defining inequalities of (1) when m = 2. Borozan and Cornuéjols [12] analyze non-dominated inequalities of an infinite version of (1) for general m. It can be verified that all non-trivial facet-defining inequalities for (1) are intersection cuts, a concept introduced by Balas [3] . Since (1) is a natural relaxation of general mixed integer programs, valid inequalities for (1) can be used to generate cutting planes from multiple rows of any simplex tableau by first relaxing the non-basic integer variables to be continuous. (Andersen et al. [2] , Cornuéjols and Margot [16] ). Recent computational study by Espinoza [20] indicates that inequalities for (1) have some potential to generate effective cutting planes for solving general MIPs. By a procedure called fill-in (Gomory and Johnson [22] , Johnson [24] , Dey and Wolsey [19] ) and by a strengthening procedure (Balas and Jeroslow [8] ) valid inequalities for (1) can also be improved to take into account the integrality of non-basic variables in a simplex tableau.
In this note, we give a geometric argument to deduce a non-trivial lower bound on the split rank of intersection cuts for (1) under a mild condition on the columns of (1) . While lower bounds on the split rank of some inequalities for specific structured instances of mixed integer programs are known, to the best of our knowledge, this is the first known general lower bound result on the split rank of a generic class of valid inequalities such as the intersection cuts. The lower bound obtained here is based on the number and the location of integer feasible points of (1) which the intersection cut satisfies at equality. In particular, a polyhedral set, called the restricted lattice-free set, is constructed. A subset of integer feasible points of (1) satisfying the intersection cut at equality, lie on the boundary of this restricted lattice-free set. We prove that log 2 (l) is a lower bound on the split rank of the intersection cut, where l is the maximum number of integer points such that no two points lie on the same facet of the restricted lattice-free set. We then show that a related lower bound result holds in more general scenarios, such as in the presence of nonnegativity constraints on the x-variables in (1) . We illustrate the use of this result by showing that the split rank of the n-row mixing inequality (Günlük and Pochet [23] ) and of some related inequalities for the constant capacity lot-sizing problems with n periods is at least log 2 (n + 1) .
The paper is organized as follows. We begin in Section 2 by presenting a formal definition of split rank and by providing a brief literature survey of known bounds on the split rank of cuts for mixed integer programs. In Section 3, we present the lower bound result on the split rank of intersection cuts. Then we illustrate the use of this result to obtain a lower bound on the split rank of mixing inequalities. We conclude in Section 4. (Balas [4] ). Split cuts and other classes of general disjunctive cuts where introduced by Balas [5] . The term split cut is due to Cook et al. [13] .
Split Rank: Definition and Literature Review
The set obtained by adding all possible split cuts to the linear programming relaxation M 0 is called the first split closure, i.e the set ∩ a∈Z p ,c∈Z M 0 a,c . We denote the first split closure as M 1 . Cook et al. [13] prove that M 1 is a polyhedron. Andersen et al. [1] , Vielma [34] and Dash et al. [18] present alternative proofs of this key result. Balas and Saxena [9] and Dash et al. [18] present numerical studies of the first split closure. Cornuéjols and Li [14] define the closure with respect to eighteen different classes of general purpose cuts and compare them. Recently Basu et al. [10] present a comparison of the split closure with the closure based on inequalities obtained using two-variable disjunctions. The split closure procedure applied to M 1 gives the second split closure, denoted as M 2 . Similarly, we use M t to denote the t th split closure.
Balas [5] proves that for a facial disjunctive set S, a sequential convexification procedure generates the convex hull of feasible points in η steps, where η is the number of conjunctive clauses in the conjunctive normal form of S; see Balas [5] and Balas et al. [6] for details. Binary mixed integer sets form a sub class of facial disjunctive sets and this result implies that given a binary mixed integer set with n binary variables, the split rank is at most n. Nemhauser and Wolsey [30] prove that for a binary mixed integer program with n binary variables, any valid inequality can be obtained by using an enumeration tree whose dept is at most n, where the i th level in the enumeration tree corresponds to the split disjunction (x i ≤ 0) ∨ (x i ≥ 1). Balas et al. [6] show a similar result using the lift-and-project cuts. (Lift-and-project cuts are split disjunctive cuts). Using a class of problems, Cornuéjols and Li [15] prove that the upper bound of n on the split rank of valid inequalities for a binary mixed integer set with n integer variables can be tight. Dash and Günlük [17] prove an upper bound of n on the split rank of a mixing inequality based on n rows. For general mixed integer programs the split rank of an inequality may not be finite. Cook et al. [13] present an example of a problem where the facet-defining inequality cannot be obtained using split cuts. This result is generalized to a family of problems in Li and Richard [26] . To the best of our knowledge there are no known general techniques to obtain lower bounds on the split rank of valid inequalities for mixed integer programs.
Lower Bound on Split Rank
In this section, we present a lower bound on the split rank of valid inequalities for the convex hull of feasible points of
where r i ∈ Q m and f ∈ Q m \ Z m . An intersection cut can be generated as follows: Let P ⊆ R m be a convex set containing f in its interior that is lattice-free, i.e., interior(P ) ∩ Z m = ∅. Then a valid inequality for the convex hull of (2) is
where
λ ∈ boundary(P ) 0 if r i belongs to the recession cone of P .
All non-dominated non-trivial inequalities for the convex hull of (2) are intersection cuts derived using maximal lattice-free convex sets P such that f ∈ interior(P ); see Zambelli [35] . In this paper, we consider intersection cuts that are obtained using lattice-free convex set P such that f ∈ interior(P ).
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Throughout this section the following notation is used: Given a vector x the i th component is represented as x i , while x i is used to represent the i th vector in a list of vectors {x
We always use m to represent the number of integer variables of (2) and n to represent the number of continuous variables of (2).
General Lower Bound
The outline of the geometric scheme to determine a lower bound on the split rank of (3) is as follows:
Under a mild assumption on the columns of (2), we first construct a subset of P (P is the lattice-free convex set used to generate (3) as described in (4)) which we call the restricted lattice-free set. -Step 2: Then we prove the following result in Theorem 1: log 2 (l) is a lower bound on the split rank of (3) where l is the number of integer points that lie on different facets of the restricted lattice-free set.
We begin with a definition of a generalized simplex from Rockafellar [33] .
Without loss of generality we assume that r i belongs to the recession cone of P if and only if i ∈ {n 1 + 1, ..., n}. Note that r i belongs to the recession cone of P if and only if π P (r i ) = 0. We next present the assumption that we make on the columns of (2) that allows the construction of the restricted lattice-free set.
Assumption 1 There exist subsets S v ⊆ {1, ..., n 1 } and S r ⊆ {n 1 + 1, ..., n} of the columns of (2) such thatQ := conv(∪ i∈Sv {f +
forms a generalized simplex and f belongs to the affine hull ofQ. By the definition of π P presented in (4), observe that the vertices ofQ, i.e., f +
∀i ∈ S v lie on the boundary of P . Also the rays ofQ are rays of P . Therefore,Q is a subset of P . We next present an example illustrating Assumption 1 and the construction ofQ.
Example 1 Consider the set x 1 = 0.5 + 3y 1 + 0y 2 − 3y 3 + 0y 4 + 0y 5 x 2 = 0.5 + 0y 1 + 3y 2 + 0y 3 − 3y 4 + 0y 5
Consider the lattice-free convex set P ⊆ R 3 defined by the following system of inequalities,
P is illustrated in Figure 1 . Observe that f := (0.5, 0.5, 0.5) lies in the interior of P . The dashed rays represent points of the form x = f + r i y i , y i ≥ 0. Since in this example P is a polytope, we have that n 1 = n. Now observe that π P (r 1 ) = 2, since (0.5, 0.5, 0.5)+
, and π P (r 5 ) we obtain the following valid inequality for (5),
Now note that the points f +
= (2, 0.5, 0) =:
= (0.5, 2, 0) =:
= (−1, 0.5, 0) =: t 3 , and f + = (0.5, 0.5, 3) =: t 5 are affinely independent and therefore their convex hull is a simplex. Also note that f belongs to the affine hull of these points. Therefore Assumption 1 holds and it is possible to set S v = {1, 2, 3, 5}, i.e.,Q = conv{(2, 0.5, 0), (0.5, 2, 0), (−1, 0.5, 0), (0.5, 0.5, 3)}. Note that the choice of S v is not unique as setting S v as {1, 2, 4, 5}, {1, 3, 4, 5}, or {2, 3, 4, 5} also satisfies the conditions of Assumption 1.
While Assumption 1 is not trivial, observe that a sufficient condition for it to hold is that the dimension of the set conv(∪ i∈{1,...,n 1 } {f + } + cone ∪ i∈S r {r i } as the restricted latticefree set.
Assumption 1 implies two properties that are used to arrive at a lower bound on the split rank of (3) in Theorem 1. These properties are presented in Propositions 1 and 2.
, and 
3
.
Proof SinceQ is a generalized simplex and f belongs to the affine hull ofQ, we obtain that |S v | ≥ 1 and ∃µ ∈ R |S v |+|S r | such that i∈(Sv∪Sr) µ i = 1 and
+ r i ) = f . Therefore we obtain that (
. Define τ as follows:
Clearly by the construction of τ , we obtain that
The second equality follows from the fact that π P (r i ) = 0 if r i is a ray of P .
In the rest of the paper, τ is used to represent the vector satisfying properties (1.)-(3.) of Proposition 1. Example 1 (contd.) Using the proof of Proposition 1, we can obtain τ = ( 
, and
We require some notation that we present next. 
λ ∈ boundary(Q) 0 if r i belongs to the recession cone of Q
for τ defined in Proposition 1.
A non-empty subset of the vertices of Q (denoted V k ) and a subset of extreme rays ofQ (denoted (j 1 = j 2 ) lie on the same facet ofQ. The selection of the set U is not unique. However, in Theorem 1 we show that the split rank of (3) is at least log 2 (|U|) . Therefore, the set U with maximum cardinality provides the best bound. Henceforth, we use l to represent the cardinality of the set U. -y j ∀j ∈ U: By the definition of x j ∈ U , we have that
SinceQ is a generalized simplex, given any x j the vector y j in (11) is uniquely determined. Using (11) and the fact that π
As y j ∈ R n + and it satisfies (12), we obtain that (x j , y j ) ∈ M int ∀j ∈ {1, ..., l}. Note that (12) and (13) 1.
). Therefore,
). Therefore, y 2 = (
). Therefore, y 3 = (0, Proof Note first that the dimension ofQ is |S v | + |S r | − 1. Therefore the dimension of a facet ofQ is
Therefore, for convenience re-number the facets ofQ so that {k}
Next note that sinceQ is a generalized simplex, any face ofQ of dimension q is described internally by exactly q + 1 components (vertices and rays). Therefore we obtain that if x j belongs to the relative interior of (F k1 ∩ F k2 ∩ ... ∩ F kq ) (and x j does not belong to any other facet ofQ), then
Thus it follows from the construction of y j (see (11) 
We prove this result for the case when |I| = 2. For |I| > 2, the proof is similar. By the construction of U, x j1 and x j2 (j 1 = j 2 and j 1 , j 2 ∈ I) do not belong to the same facet. Therefore, since
We now have all the tools necessary to prove the main result of this section. Before we present the proof, we illustrate the key ideas on Example 1.
Example 1 (contd.) We prove that the split rank of the inequality (7) is at least 2: Consider any disjunction (a {(1, 1, 1), (1, 1, 0 )}, we obtain that (
a,c . Therefore any convex combination of the points (x {1,2},w ,ȳ) and (
is a point of the form (
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Next note that for any disjunction such that proj x (L 0 a,c ) contains the points { (1, 1, 1), (1, 1, 0 (14) we obtain that the split rank of (7) is at least 2. Now we consider a more general set than (2) . From the definition of split rank, it is clear that given a set with m integer variables, the split rank of the inequality n i=1 π P (r i )y i ≥ 1 cannot increase (and may decrease) if more constraints were present in the original system in addition to the constraints
Therefore to obtain a more general lower bound result we assume additional constraints added to (2) of the form,
where A ∈ Q m1×m and b ∈ Q m1 . At the very least, these constraints can be used to represent non-negativity of integer variables. The following result can be proven using an almost identical proof.
Corollary 1 Let
be generated using (4) . Let {x
subset of integer points on the boundary of the restricted lattice-free set (constructed as in Definition 3) such that no two points lie on the same facet ofQ and Ax
Then a lower bound on the split rank of (18) is log 2 (l) .
One implication of Corollary 1 is that if after addition of the inequalities (17) the integer points in U are still valid, then the lower bound on the split rank does not change.
Example 2 Consider the set x 1 = 0.5 + 3y 1 + 0y 2 − 3y 3 + 0y 4 + 0y 5 x 2 = 0.5 + 0y 1 + 3y 2 + 0y 3 − 3y 4 + 0y 5 x 3 = 0.5 − 1y 1 − 1y 2 − 1y 3 − 1y 4 + 1y 5 (19)
Here (20) is the additional constraint when compared with the constraints present in Example 1. Consider again the same P and obtain again the inequality,
Selecting the same set S v , constructingQ and selecting the same U = {(1, 1, 0), (1, 1, 1), (0, 1, 1)} we observe that every point in U satisfies (20) . Therefore by Corollary 1, we obtain that 2 is a valid lower bound on the split rank of (22).
Mixing Inequality
We illustrate the use of Theorem 1, by obtaining a lower bound on the split rank of the mixing inequalities. The mixing set presented in Günlük and Pochet [23] is
where we assume that 0
Theorem 2 ([23])
The mixing inequality
is facet-defining for (23)- (25) .
Next observe that by introducing non-negative slack variables y i for each row of (23), the mixing set may be written as
which is exactly in the form of (2) . Also note that (26) can be rewritten as
Note that since all the coefficients in (28) are non-negative and the righthand-side of (28) is positive, it is a nontrivial valid inequality for convex hull of (27) . As discussed before, every nontrivial valid inequality is an intersection cut (or is dominated by an intersection cut) that can be obtained using some lattice-free convex set P such that f lies in the interior of P . Let r 0 , r 1 , ...,
Next we illustrate an use of Corollary 1, i.e., the fact that if the integer points that are on the boundary ofQ are not cut off by the constraints (17) , then the lower bound on the split rank does not change. A formulation for single item discrete lot-sizing problem with initial stock s 0 , with binary variables v u representing the decision to produce in the period u, and with constant capacity C is 
Observe that (30)- (33) is essentially a mixing set with non-negativity and additional constraints (31) . The mixing inequalities are facet-defining inequalities for (30)- (33) . Note that any split cut obtained using a split disjunction on the v variables can be rewritten as a split disjunction on the x variables. Also note that the integer feasible points that the mixing inequality satisfies at equality are valid after the addition of (31) . Therefore by use of Corollary 1, log 2 (k +1) is a lower bound on the split rank of the mixing inequalities for (30)- (33) where k of the fractional parts of d1t C s are unique and distinct from 0 and 1. We finally note that by using Corollary 1 and the approach used in this section, similar lower bound results can be obtained for other inequalities based on more involved variants of mixing sets, such as the lot-sizing problem with Wagner-Whitin costs and constant capacities. (Pochet and Wolsey [31] ).
Discussion
A lower bound on the split rank of an inequality indicates how difficult it may be to obtain an inequality using split cuts. In this note, we have presented a non-trivial lower bound on the split rank of intersection cuts. The main insight from this result is the demonstration of the effect of the location of integer feasible points that satisfy the inequality (3) at equality on the split rank of the inequality. We also used this result to derive a lower bound on the split rank of mixing inequalities. We next discuss some avenues of possible strengthening and generalization of the results presented in this note.
First observe that Theorem 1 provides a lower bound on split rank based completely on the structure of the restricted lattice-free set. It is easily verified that there can exist two problems with different columns such thatQ is the same. It is however not clear whether the split rank of an inequality is a function of the structure ofQ (for the best choice of S v and S r ) alone.
Second observe that typically it is very difficult to ascertain the split rank of a valid inequality for any given problem. As illustrated in Section 3.2, on some examples the lower bound on the split rank of intersection cuts presented in this note can be verified to be tight. However, this lower bound seems to be weak when the vertices of the lattice-free setQ are all integral and each facet contains an integer point in its relative interior. This is best illustrated by the following result from Li and Richard [26] (modified to follow the notation of this paper). Applying Theorem 1, a lower bound of log 2 (m + 1) on the split rank can be obtained, which is clearly a weak bound. A more general result that combines the flexibility of Theorem 1 with results such as Theorem 3 is an important direction in understanding cutting-plane-algorithms based on split inequalities.
